Introduction
In this paper a Q-Fano variety is a normal projective variety X with at worst Q-factorial terminal singularities such that −K X is ample and Pic X is of rank one. Fano varieties with terminal singularities form in important class because, according to the minimal model program, every variety of negative Kodaira dimension should be birationally equivalent to a fibration Y → Z whose general fibre Y η belong to this class. Moreover, in the case dim Z = 0, Y η = Y is of Picard number one, i.e., Y is a Q-Fano.
In dimension 2 the only Q-Fano variety is the projective plane P 2 . In dimension 3 Q-Fanos are bounded in the moduli sense by the following result of Kawamata:
(1.1) Theorem ( [1] ). There exist positive integers r and d such that for an arbitrary Q-Fano threefold X we have −K (2.2) Terminal singularities Let (X, P ) be a three-dimensional terminal singularity. It follows from the classification that there is a one-parameter deformation X → ∆ ∋ 0 over a small disk ∆ ⊂ C such that the central fibre X 0 is isomorphic to X and the generic fibre X λ has only cyclic quotient singularities P λ,k (see, e.g., [3] ). Thus, to every theefold X with terminal singularities, one can associate a collection B = {(r P,k , b P,k )}, where P λ,k ∈ X λ is a singularity of type 1 r P,k
(1, b P,k , −b P,k ). This collection is uniquely determined by X and called the basket of singularities of X. By abuse of notation, we also will write B = (r P,k ) instead of B = {(r P,k , b P,k )}. The index of P is the least common multiple of indices of points P λ,k .
(2.2.1) Lemma ( [11, Corollary 5.2] ). Let (X, P ) be a three-dimensional terminal singularity of index r and let D be a Weil Q-Cartier divisor on X. There is an integer, i such that D ∼ iK X near P . In particular, rD is Cartier.
(2.2.2) Corollary. Let X be a Fano threefold with terminal singularities and let r be the Gorenstein index of X. Then (i) gcd(r, qW (X)) = 1, (ii) qF (X)r = qQ(X), (iii) qW (X) ≤ qQ(X) ≤ 4r.
(2.2.3) Let (X, P ) be a three-dimensional terminal singularity of index r and let D be a Weil Q-Cartier divisor on X. By Lemma (2.2.1) there is an integer i such that 0 ≤ i < r and D ∼ iK X near P . Deforming D with (X, P ) we obtain Weil divisors D λ on X λ . Thus we have a collection of numbers i k such that 0 ≤ i k < r k and D λ ∼ i k K X λ near P λ,k .
(2.3) Riemann-Roch formula [3] . Let X be a threefold with terminal singularities and let D be a Weil Q-Cartier divisor on X. Then b P j(r P − b P j) 2r P .
(2.4) Now let X be a Fano threefold with terminal singularities, let q := qQ(X), and let L be an ample Weil Q-Cartier divisor on X such that −K X ∼ Q qL. By (2.3.1) we have
Using this equality we obtain (see [4] )
In the above notation, applying (2.3.1), Serre duality and Kawamata-Viehweg vanishing to D = K X we get the following important equality (see, e.g., [3] ):
Similarly, for D = −K X we have H i (X, −K X ) = 0 for i > 0 and
(see [5, §2] ). Combining this with (2.5.1) we obtain
In particular,
belowD and D Y denote strict birational transforms of D onX and Y , respectively. We also assume that the discrepancy α := a(E, X, H) is non-positive, i.e.,
By the above we have
Therefore,
If qQ(X) = qW (X), then K X + qL ∼ 0 and β is an integer ≥ α. Let F = f −1 (pt) be a general fibre. Recall that F is either P 1 or a smooth del Pezzo surface. Restricting (3.3.1) to F we get (3.4.1) (see [6] , [7] ). Let P ∈ X be a singularity of index r. Take g to be a divisorial blowup of P such that the discrepancy of the exceptional divisor E is equal to 1/r. Assume that the divisor −KX is nef, big and the linear system | − nKX| does not contract any divisors. Then the transformation in (3.2.1) is so-called "two rays game". If −KX is ample, then f • χ is a composition of steps of the K-MMP. Otherwise, f • χ is a composition of a single flop followed by steps of the K-MMP.
It is easy to see also that f • χ is an −E-MMP.
(3.4.2) (see [5] ). The pair (X, H) is not canonical. Let c be the canonical threeshold of (X, H). Then 0 < c < 1. Take g to be an extremal divisorial K X + cH-crepant blowup. In this situation, α > 0 and f • χ is an K + cH-MMP. In particular, f is an extremal K X + cHnegative contraction. The conditions of (3.2) are satisfied by [5] . Proof. By (3.2.2), for some 0 < c ≤ 1, we have KX+cH = g * (K X +cH). Hence we can take n, m > 0 so that | − nKX − mH| is base point free. Proof. The assertion about the base is an immediate consequence of the main result of [13] and the fact that Z is uniruled. The last statement is obvious because both Y and Z have only isolated singularities and Pic(Y /Z) ≃ Z. 
where M is a linear system without fixed components. Let Ξ be an ample Weil divisor that generates Cl Z/Tors. We can write M ∼ Q aΞ and 
. This inequality has only one solution: a = 7. But then qQ(X) ≤ 7. If qQ(X) = 7, then a = 7, M = |O P 2 (7)|, and dim M = 35.
(3.5.7) Lemma. Notation and assumptions as in (3.2) . Assume additionally that qQ(X) = 1, Z is a surface, and the discriminant curve of f is empty.
Proof. Suppose dim | − K X | ≥ 30. Let Γ ⊂ Z is a smooth curve contained into the smooth locus of Z. Then G := f −1 (Γ) is a smooth ruled surface over Γ. We claim that dim
where B is an integral effective divisor, dim |B| ≥ 1. Since qQ(X) = 1, this gives a contradiction. Now from (3.2.3) and from the exact sequence
By Claim (3.5.2) the linear system | − nK Y | has no fixed components. Therefore we can take Γ so that | − nK Y | G | has at worst isolated base points (in particular, it is nef).
is not ample, we obtain the above inequality by applying the same arguments toḠ, whereḠ is the image of G under the birational contraction given by | − nK Y | G |. In both cases we have
This gives us
If K 2 Z < 8, then we can take Γ to be a general member of −K Z and derive a contradiction. If K 2 Z = 8 or 9, then we can take Γ ∈ | − 1 2
Proof. Let F 1 , F 2 , F 3 be general fibres. Then from the exact sequence
we obtain
Since F i are smooth del Pezzo surfaces,
where G is effective. Since F i is movable, this gives us that qQ(X) ≥ 3.
Consider the case when (X, | − K X | = H) is canonical. According to [5] there is the following diagram
where g : (X,H) → (X, H) is a terminal modification of (X, H), n := dim | − K X |, the morphism f is given by the (base point free) linear systemH, dim Y = 2 or 3, andX →X → Y is the Stein factorization. We have
Since (X,H) is terminal, a general memberH ∈H is a smooth K3 surface. From the exact sequence
one can see that the restriction f |H is given by a complete linear system.
) is canonical and the image of the map given by
Proof. We use notation of (3.6.1). By our assumption f (H) is a curve. Thus | − KX|H| is a base point free elliptic pencil onH and f (H) ⊂ P n is a rational normal curve of degree n − 1. Hence Y ⊂ P n is a surface of degree n − 1. Let M be a hyperplane section of Y . It is well-known that in this situation one of the following halds (recall that n ≥ 6):
(i) Y is a rational scroll, Y ≃ F e , M ∼ Σ + al, where Σ and l are the minimal section and a fibre of F e , respectively, and a is an integer such that a ≥ e + 1, n − 1 = 2a − e. (ii) Y is a cone over a rational normal curve of degree n − 1, M ∼ (n − 1)l, where l is a generator of the cone. In case (i),H ∼ f * Σ + af * l. Here |f * l| is a linear system without fixed components and f * Σ is an effective divisor. So, 2qQ(X) ≥ 2a ≥ n − 1. In case (ii) we haveH ∼ f * (n−1)l. Let o ∈ Y be the vertex of the cone and let G be the closure of f * l over Y \ {o}. Then G is an integral Weil divisor andH ∼ Q (n − 1)G + T , where T is effective. Clearly, g does not contract any component of G. This implies qQ(X) ≥ n − 1.
Proof. By the construction,Ȳ is a Fano threefold with canonical Gorenstein singularities andȲ → Y ⊂ P N is the anticanonical map (see [5] ). We have dim | − K X | ≤ dim | − KȲ | ≤ 38 by the main result of [8] . Moreover, if dim | − K X | = 38, thenȲ is isomorphic either P(3, 1, 1, 1) or P (6, 4, 1, 1) . In particular,Ȳ is a toric variety. SinceX is a terminal modification ofȲ , it is also toric and so is X. By Lemma (3.6.4)
If qQ(X) = 1, then −KȲ cannot be decomposed into a sum of two movable divisors. According to [15] 
Sketch of the proof. By considering cyclic covering tricks (cf. Proof of Proposition (5.3)) we reduce the question to the case Cl X ≃ Z. For toric varieties this preserves the property ρ = 1. Then X is a weighted projective space. Using the fact that X has only terminal singularities we get the following cases: P(1, 1, 1, 2), P(1, 1, 2, 3), P(1, 2, 3, 5), P(1, 3, 4, 5), P(2, 3, 5, 7), P(3, 4, 5, 7). The lemma follows.
Case qQ(X) ≤ 3
In this section we consider the case q := qQ(X) ≤ 3. 
In notation of Proposition (4.1) we have −K X · c 2 (X) ≥ 125/8 and P ∈B (r P − 1/r P ) ≤ 67/8. In particular, r P ≤ 10.
Proof. By Corollary (2.7) we have cases (2.6.1) or (2.6.2). Hence,
(In the second line we used that t ≥ 1/q ≥ 1/3 and the function t(4−3t) is increasing for t ≤ 2/3). In both cases we have −K X · c 2 (X) ≥ 125/8. Thus, Proof. Let T be an s-torsion element in the Weil divisor class group. By Riemann-Roch (2.3.1), Kawamata-Viehweg vanishing theorem and Serre duality we have
Subtracting we get
Take i T,P so that T ∼ i T,P K X near P ∈ B. Then si T,P ≡ 0 mod r P and
If i T,P ≡ 0 mod r P , we have
Combining the last two relations we get
where the sum runs over all P ∈ B such that i T,P ≡ 0 mod r P . This contradicts Lemma (4.2).
Proof of Proposition (4.1). By Proposition (4.3) q = qQ(X) = qW (X).
So, gcd(q, r P ) = 1 for all P ∈ B.
(4.4) Case q = 3. We will show that this case does not occur. By (2.4.2) we have
By Lemma (4.2) −K X · c 2 (X) ≥ 125/8 and −K 3 X ≥ 125/2 by our assumptions. Combining this we obtain c P (−L) ≥ −467/2592. Again by Lemma (4.2) we have (r P − 1/r P ) ≤ 67/8. Assume that r P = 2 for all P ∈ B. Note that c P (L) = −1/8 (because −K X ∼ L near each P ). Hence B = (2). Then −K X · c 2 (X) = 45/2. By (4.4.1) we have −K 3 X = 81/2 < 125/2, a contradiction. Thus we assume that at least one on the r P 's is ≥ 3. Recall that r P ≤ 10, (r P − 1/r P ) ≤ 67/8 and 3 ∤ r P . This gives us the following possibilities for B: (5), (7), (8), (2, 4), (2, 5), (2, 7), (2, 2, 4), (2, 2, 5), (4, 4), (2, 2, 2, 4).
Take 0 ≤ i P < r P so that 3i P ≡ −1 mod r P . Easy computations give us Then by (2.5.2)
This number cannot be an integer, a contradiction. 
Since this number should be an integer, the only possibility is −K 
Hence 32 ≤ g ≤ 35 and −K Otherwise we are in case (2.6.2) and as in the proof of Lemma (4.2) we have
Since gcd(r P , q) = 1, again we get the same possibility B = (3). Then −K X · c 2 (X) = 64/3 and L · c 2 (X) = 32/3. Hence
Thus 125/2 ≤ −K 
Proof. Let L be a Weil divisor such that −K X ∼ qL. Since qW (X) = qQ(X), the group Cl X/Tors is generated by L. To get our cases we run a computer program. Below is the description of our algorithm. 1) By (2.5.1) and Theorem (2.5.4) we have P ∈B (1 − 1/r P ) ≤ 24. Hence there is only a finite (but very huge) number of possibilities for the basket B. In each case we know −K X · c 2 (X) from (2.5.1). Let r := lcm({r P }) be the Gorenstein index of X.
2) By Corollary (2.2.2) q ≤ 4r and gcd(q, r) = 1. Hence we have only a finite number of possibilities for the index q.
3) In each case we compute L 3 and −K 3 X = q 3 L 3 by formula (2.4.2) and check the condition −K 3 X ≥ 125/2. Here, for D = −L, the number i P is uniquely determined by conditions qi P ≡ 1 mod r P and 0 ≤ i P < r P . 4) Next we check Kawamata's inequalities (2.6), i.e., we check that at least one of inequalities (2.6.1) -(2.6.4) holds. In case (2.6.2) we use the fact that the function t(4 − 3t) is increasing for t < 2/3. Since t ≥ 1/q, we have
Similarly, in cases (2.6.3) and (2.6.4) we have, respectively,
5) Finally, by the Kawamata-Viehweg vanishing theorem we have χ(tL) = h 0 (tL) = 0 for −q < t < 0. We check this condition by using (2.4.1).
At the end we get possibilities (5.1.1)-(5.1.9). Proof. Assume that the torsion part of Cl X is non-trivial for some X satisfying the conditions of Proposition (5.1). Take X so that qQ(X) is maximal. Write K X + qL ∼ Q 0, where L is an (ample) integral Weil divisor. Since Cl X is finitely generated and by cyclic covering trick [3, (3.6) ], there is a finiteétale in codimension one cover π :
′ has only terminal singularities. Hence X ′ is a Fano threefold with terminal singularities with qW (
In 
6. Proof of the main theorem (6.1) To construct a Sarkisov link such as in (3.2.1), we need the following result basically due to Ambro and Kawachi. Proof. According to [16] the pair (X, S) is plt for a general S ∈ |S|. Then singularities of S are of type T by [17] . Note that the restriction map
) is surjective. Let P ∈ Bs |S| be a non-Gorenstein point of X. Then P ∈ S is a log terminal non-Du Val singularity of type T.
Recall that Kawachi's invariant of a normal surface singularity (S, P ) is defined as δ P := −(Γ − ∆) 2 , where ∆ is the codiscrepancy divisor of (S, P ) on the minimal resolutionŜ → S and Γ is the fundamental cycle onŜ (see [18] ). If (S, P ) is a rational singularity, then δ P = Γ 2 −∆ 2 +4. Hence in our case Kawachi's invariant δ P is integral (because ∆ 2 ∈ Z, see [17] ). On the other hand, 0 < δ P < 2. Thus δ P = 1. Now we apply the main result of [18] to the linear system |S| S | = |K S − K X | S |. It follows that there is a curve C on S passing through P and such that −K X · C < 1/2. Since qF (X) ≥ 1/2, this is impossible. 
is surjective. Thus it is sufficient to show that the linear system |D| is base point free. By the adjunction formula D = K S − (2K X + S)| S . Let µ :Ŝ → S be the minimal resolution. Since S has at worst Du Val singularities, KŜ = µ * K S . Thus we can write µ
It is easy to see that M 2 = (2K X + S) 2 · S ≥ 5 by our assumption. Suppose that the linear system |µ * D| = |KŜ + M| has a base point P . By the main theorem of [19] there is an effective divisor E onŜ passing through P such that either
In the former case E is contracted my µ and we get a contradiction by the genus formula. In the latter case we have −(2K X + S) · µ(E) = 1. This is impossible because −(2K X + S) is divisible in Cl X/Tors and µ(E) is contained in the Gorenstein locus of X.
Since qF (X) = q/r, we have the following Proof. Let L be the Weil divisor such that −K X ∼ Q qL. Take S = rL and apply Proposition (6.1.2). Now we are in position to prove Theorem (1.2).
(6.2) Main assumption. Let X be a Q-Fano threefold. We assume that −K 3 X ≥ 125/2. Then X is such as in Propositions (4.1) or (5.1). In particular, dim | − K X | ≥ 32. By Propositions (4.3) and (5.3) we also have Cl X ≃ Z. We divide cases of (4.1) or (5.1) in four groups and treat these groups separately (see (6. 3), (6.4) (6.5), (6.6)). 
Proof. Assume the converse. Then Z is a Q-Fano
Therefore, dim | − K Z | = 32 or 33. Moreover, if dim | − K Z | = 33, then we have r P = 1 for all P ∈ B Z , i.e., Z is Gorenstein (and factorial). In Further, rH is the linear system of Cartier divisors. Hence we can write g * H =H + δE, where δ ≥ 1/r. Thus,
By Corollary (6.1.3) the linear systemH has only isolated base points outside of E. Therefore, −KX is nef. If g(E) is a cyclic quotient singularity, then E ≃ P(b, r − b, 1), E| E ∼ O P(b,r−b,1) (−r), and
This shows that −KX is big. Similar computations shows that this fact also holds in case (6.4.1), (ii). Let C be a curve such that −KX · C = 0. By (3.3.1) we have qL · C + βE · C = 0. By (6.4.2) E · C > 0. HenceL · C < 0. Since dim |L| > 0, there is at most a finite number of such curves. Thus the linear system | − nKX| does not contract any divisors.
3) is a non-negative integer. We can write
where δ ∈ Q, δ > 0. Since rL is Cartier (see Lemma (2.2.1)), δ = k/r for some k ∈ Z, k > 0. Therefore, 
